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Abstract We theoretically study the parametric wave inter-
action in nonlinear optical media with randomized distribu-
tion of the quadratic nonlinearity χ(2). In particular, we dis-
cuss properties of second and cascaded third harmonic gen-
eration. We derive analytical formulas describing emission
properties of such harmonics in the presence of χ(2) disorder
and show that the latter process is governed by the character-
istics of the constituent processes, i.e. second harmonic gen-
eration and sum frequency mixing. We demonstrate the role
of randomness on various second and third harmonic gener-
ation regimes such as Raman-Nath and ˇCerenkov nonlinear
diffraction. We show that the randomness-induced incoher-
ence in the wave interaction leads to deterioration of conver-
sion efficiency and angular spreading of harmonic generated
in the processes relying on transverse phase matching such
as Raman-Nath interaction. On the other hand, the ˇCerenkov
frequency generation is basically insensitive to the domain
randomness.
1 Introduction
Nonlinear photonic crystals (NLPC), i.e. periodically poled
ferroelectric crystals or orientation-patterned semiconductors
with quadratic nonlinearity, have been commonly used to re-
alize efficient frequency conversion. The spatially periodic
modulation of the sign of χ(2) nonlinearity ensures the syn-
chronization of the phases of interacting waves via the so
called quasi phase matching (QPM) [1,2,3]. In the simplest
case of one-dimensional (1D) periodic NLPC [Fig.1(a-b)] and
collinear second harmonic generation (SHG) high conversion
efficiency is assured by choosing the period of nonlinearity
modulation Λ such that the phase mismatch q satisfies the
following relation q = |k2 − 2k1| = 2pi/Λ, where k1, k2
are wave vectors of the fundamental and second harmonic,
respectively.
The QPM technique is so versatile that by modulating
spatially the quadratic nonlinearity and utilizing the so-called
non-collinear (or transverse) type of wave interaction one can
also spatially shape the wavefront of generated waves as has
been demonstrated in case of Bessel and Airy beams SHG [4,
5]. However, because of resonant character of the QPM, per-
fectly periodic structure is efficient only for a particular choice
of the wavelengths of interacting waves.
Few methods have been proposed in order to extend the
operational bandwidth of the QPM technique. They all rely
on engineered nonlinear photonic structures and involve, for
instance, structures consisting of periodically poled sections
with different periods or multi-period and quasi-periodic struc-
tures, i.e. nonlinear superlattices [6,7,8,9,10]. Another pos-
sibility offers media with disordered or randomized distribu-
tion of the sign of nonlinearity [see Fig.1(c)]. It is known that
some as-grown ferroelectric crystals, such as strontium bar-
ium niobate (SBN) [Fig.1(d-e)] or calcium barium niobate,
consist of elongated ferroelectric domains oriented along its
polar axis having random distribution of their size and orien-
tation [11,12,13]. As such they represent disordered nonlin-
ear photonic crystal, which can be considered as being com-
posed of an infinite number of periodic structure, correspond-
ing to a pool of Reciprocal Lattice Vectors (RLV) which en-
sure the phase matching for the harmonic emissions at any
incident wavelength in its transmission band.
The extensive studies of the second-order nonlinear pro-
cesses in disordered NLPC resulted in demonstration of a
number of effects including e.g., angular broadening of the
emitted harmonics [14,15], multi-frequency conversion [16,
17,18], conical and planar (non-collinear) frequency emis-
sion [19,20,21] and its application in realization of optical
autocorrelator for short pulse diagnostics and monitoring [22,
23]. Few recent works have demonstrated beneficial effect
of controlled randomization of originally periodic pattern on
second harmonic generation [24,25]. It is worth to add that
the efficiency of the conversion process in those randomized
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Fig. 1 (color online) (a) Illustrating the concept of periodically
poled NLPC. Arrow indicates the reciprocal lattice vector (RLV).
(b) Domain structure in commercial sample of periodically poled
lithium niobate crystal with nominal poling period of 14 µm (vi-
sualized via the second harmonic nonlinear microscopy [11]). (c-d)
Schematic representation of the NLPC with (c) one- and (d) two-
dimensional random spatial domain distribution. Arrows represent
various RLV. (e) Random ferroelectric domain pattern in SBN crys-
tal (visualized via SH nonlinear microscopy [11]). “C” in (b) and (e)
indicates the direction of the optical axis.
Fig. 2 (color online) Illustrating the phase matching conditions for
the second and third harmonic generation via noncollinear interac-
tion in 1D nonlinear photonic crystal with randomized distribution
of second order nonlinearity. k2 and k3 represent wave vectors of
the second and third harmonics, respectively. Green and blue rings
(with corresponding radii k2 and k3) define all possible emission
directions of the second and third harmonics.
media critically depends on degree of the nonlinearity disor-
der. It is as small as a 0.001% in completely random crys-
tals [13] but it can be as high as tens of a percent for weakly
randomized media [24].
It has been shown recently in experiments with as-grown
SBN crystal that under certain conditions the ferroelectric
crystal with random domain distribution can be used for broad-
band cascaded third harmonic generation [26,27,28,29,30].
In such case the randomness of the nonlinearity contributes
to both constituent processes: second harmonic and sum fre-
quency generation. Subsequently, as the experiments showed,
the spatial light intensity distribution of the emitted third and
second harmonics are significantly different.
The theoretical studies of the wave interaction in ran-
domized media deal with either transverse or collinear type
of SHG depending on whether the generated harmonics are
emitted collinearly or transversely with respect to the prop-
agation direction of the fundamental beam. The transversely
phase matched SHG has been considered already in 1972 by
Dolino et al. who used Green function approach to investigate
the role of randomness in domain shape on second harmonic
generation [31]. In their 2001 work Le Grand et al. analyzed
the role of random one-dimensional domain distribution on
the angular distribution of the second harmonics. These au-
thors also considered the effect of various statistical models
of randomness on harmonic emission [32].
Spatial properties of the second harmonic in random medium
and the effect of group velocity dispersion have been inves-
tigated recently by Shutov et al. [33]. In their work Tun-
yagi et al. [19] used numerical simulations in calculating sec-
ond harmonic field emitted transversely from 1-D random
crystal. Numerical simulations were also used by Vidal and
Martorell [34] to study the diffusive character of the sec-
ond harmonic generated in random 1D crystal. These simula-
tions also confirmed the well known analytical results that the
disorder-induced loss of phase correlation leads to the emitted
signal growing linearly with propagation distance [35,36]. In
their recent work Bravo-Abad et al. suggested that light scat-
tering by randomly distributed ferroelectric domains might
contribute towards appearance of forward emission peak of
the second harmonic signal [37]. The spatial intensity distri-
bution of the generated harmonics in random quadratic media
and its application for the diagnostics of disorder in nonlinear
structures have been discussed in papers by Roppo et al. [14]
and Pasquazi et al. [38].
As far as the collinear interaction is concerned S. Helm-
frid and G. Arvidsson [39] in their 1991 paper analyzed the
influence of randomly varying domain length on the efficiency
of the second harmonic generation. They demonstrated that
randomness, while degrading the conversion efficiency, in-
creases the operational bandwidth. Recently Pelc et al. con-
sidered the same interaction geometry to demonstrate effi-
ciency enhancement away from the QPM peak [40]. Exten-
sive theoretical investigation of the random perturbation of
the ideal periodically poled structure in ferroelectrics on collinear
frequency conversion has been conducted by Fejer et al. [3].
It should be also mentioned that the randomness can be in-
troduced inadvertently in the fabrication of QPM structures
via periodic poling [see Fig.1(b)]. This typically has an ad-
verse consequences on the intended performance of the QPM
device leading, e.g. to decreased frequency conversion effi-
ciency [3,39,40,41,42].
In this work we present extensive theoretical studies of
the non-collinear parametric wave interaction in crystal with
randomized one-dimensional distribution of quadratic non-
linearity. In particular, we investigate for the first time the
spatial properties of light emissions in the cascaded process
of third harmonic generation in the randomized nonlinear op-
tical structures. Using the exact analytical formulas for the
intensity of generated waves obtained in the regime of strong
Title Suppressed Due to Excessive Length 3
fundamental beam and plane wave approximation we com-
pare the emission characteristics of second and third harmon-
ics as a function of the degree of disorder and the wavelength.
Our theoretical analysis uses the plane wave assumption
for interacting fields. While being obviously restrictive the
fully analytical character of this approach allows us to obtain
simple physical picture of all relevant mechanisms involved
in the frequency conversion in random nonlinear photonic
crystals.
2 Sum Frequency Mixing
Let us consider interaction of two optical plane waves with
amplitudes Ea, Eb with the frequencies ωa and ωb in non-
linear photonic crystal with the spatially modulated sign of
nonlinear coefficient. The nonlinearity will lead, among oth-
ers, to the generation of the third wave ESF at the frequency
ωSF = ωa + ωb whose amplitude can be expressed as [43]:
ESF(q) ∝ idEaEb
Lx
∫ ∫
A
M(r)eiqrdr, (1)
where d is the nonlinearity coefficient (d = χ(2)/2) and in-
tegration is performed over the whole area A = LxLy of the
nonlinear crystal, Lx, Ly are the lengths of the crystal in x,
y directions and M(r) = ±1 represents the modulation of
the sign of nonlinear coefficient. The phase mismatch vec-
tor is q = kSF − ka − kb with ki = ni2pi/λi representing
wave vector and ni is refractive index of the corresponding
wave. In this paper we consider one-dimensional structure
with nonlinearity modulation only in x direction (Fig. 2) such
that:
M(r) =
N−1∑
j=0
(−1)jΠxj ,xj+1(x), (2)
where xj is a position of j-th domain wall, N is number of
domains and Πxj,xj+1(x) = 1 for xj ≤ x ≤ xj+1 and 0
otherwise. In this case integral (1) can be separated into x
and y directions. Additionally, because M(x)=0 outside crys-
tal (x < x0 or x > xN ) integration over x can be extended
into infinity and one gets:
ESF(q) ∝ idEaEb
Lx
∫ Ly
0
eiqyydy
∫ ∞
−∞
M(x)eiqxxdx
∝ idEaEbLy
Lx
sinc
(
qyLy
2
)
M(qx),
(3)
where M(qx) denotes a Fourier transform of spatially modu-
lated nonlinear coefficient:
M(qx) =
i
qx

2
N∑
j=1
(−1)jeiqxxj − (−1)NeiqxxN + 1

 .
(4)
In general the last two terms in the bracket can be neglected [3]
what results in:
M(qx) =
2i
qx
N∑
j=1
(−1)j
j∏
k=1
eiqxlk , (5)
where lk = xk − xk−1 is the width of k-th domain.
In case of perfectly periodic structure where all the non-
linear domains are equal lk = Λ/2 (Λ is a nonlinearity modu-
lation or poling period) the strongest Fourier coefficientM(qx)
corresponds to phase mismatch vector equal to the first RLV
in which case M(qx = 2pi/Λ) = iΛN/pi = 2iLx/pi. If
the domains’ widths lk are not equal but are subject to ran-
domness, then one has to take into account their statistical
properties. This means that the ensemble averaging should
be used to describe the emitted light intensity. Additionally,
in real settings when domains are actually redistributed in all
three dimensions the emitted harmonic contains contributions
originating in different locations and hence the measured in-
tensity is, to certain extent, represented by an average over
different realization 〈ISF〉 ∝
〈|ESF|2〉:
〈ISF(q)〉 ∝ 1
L2x
sinc2
(
qyLy
2
) 〈|M(qx)|2〉 , (6)
where 〈 · 〉 denotes averaging over domains width l. The ex-
pression
〈|M(qx)|2〉 has been discussed before [3,32]. We
adopted here the approach as described by Le Grand et al.
with some modifications that allow us to extend the results of
SHG to SFM and subsequently to the cascaded THG.
If domains width varies randomly its statistics can be de-
scribed by a probability density functionw(l) with character-
istic function ϕ(q) =
∫
w(l) exp(iql)dl. Then for |ϕ(q)| < 1
and large number of domains (N ≫ 1) one obtains:
〈|M(qx)|2〉 = 4Nqx2
(
1− 2Re
(
ϕ(qx)
ϕ(qx) + 1
))
=
4N
qx2
f(qx)
(7)
what is exactly the formula derived by LeGrand et al. [32].
In order to calculate the averaged emission intensity 〈ISF〉
one has to choose a function that describes statistical dis-
tribution of the domain widths. A natural choice would be
Gaussian distribution. However, the Gaussian model is only
applicable to rather small values of dispersions σ (in compar-
ison to the average domain size lm) because for dispersions
comparable or bigger than lm it results in negative values of
domain width. The more appropriate choice is therefore the
Gamma distribution which is defined for l ∈ (0,∞) as
w(l) =
lk−1θ−ke−
l
θ
Γ (k)
, (8)
where k and θ are the so called shape and scale parameters,
respectively and Γ is gamma function. In this case the charac-
teristic function is ϕ(q) = (1− iqθ)−k. Maximum of the dis-
tribution, i.e. the most likely value (or mode) is lm = (k−1)θ
while standard deviation is σ =
√
kθ2. Gamma distribution,
unlike the Gaussian model, enables one to account for all pos-
sible dispersions regardless of the mode value. In this paper,
for the sake of clarity of the presented results, in all calcula-
tions we use Gamma distribution with fixed mode value lm=1
µm (what corresponds to poling period Λ=2 µm) and we will
characterize the randomness of the structure by its standard
deviation σ. Also in all calculations we use sample length in
y direction Ly =500 µm and a number of domains N=500.
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The effect of averaging and above discussed simplifica-
tion [Eq. (7)] on |M(qx)|2 is shown in the Fig. 3. This pic-
ture compares the square modulus of Fourier coefficients cal-
culated for three different cases: the gray solid line depicts
|M(qx)|2 with M(qx) calculated from Eq. (4), red dashed
line shows value of
〈|M(qx)|2〉where |M(qx)|2 is calculated
as for grey line and then averaged over 300 randomly gener-
ated samples, finally the dotted blue line shows
〈|M(qx)|2〉
calculated according to simplified Eq. (7). One can see that
results obtained with the simplified equation are consisted
with numerically averaged SH intensity calculated using the
full model for both very small (a) (σ=0.05 µm) and large (b)
(σ=10 µm) dispersion. All curves were calculated assuming
number of domains to be N=500 and average domains size
lm=1 µm.
Fig. 3 (color online) Modulus square of the Fourier coefficient (nor-
malized to (2Lx/pi)2) of the sum frequency mixing process as a
function of the phase mismatch parameter qx for an almost peri-
odic σ=0.05 µm (a) and randomized σ=10 µm (b) nonlinear pho-
tonic structure. Solid (grey) and dashed (red) lines represent formula
Eq. (4) calculated for particular realization of the nonlinearity (or
domain) distribution and averaged over 300 numerically generated
random structures, respectively. Dotted (blue) line, which almost ex-
actly overlaps with the dashed red line, represents the simplified for-
mula (7) valid for a large number of domains.
3 Second Harmonic Generation
We consider the situation where the fundamental beam with
the wavelength λ is incident onto the sample along the y di-
rection (Fig. 2). Two photons of the fundamental harmonic
2k1, generate non-collinear SH with wave vector k2 emitted
at the angle α2 such that the corresponding phase mismatch
equals to q2 = k2− 2k1 (triangle OAB in Fig. 2). According
to the formula Eq. (3) (with Ea = Eb = E1) the amplitude
of the generated SH electric field E2 is given as
E2(q2) ∝ idLyE
2
1
Lx
sinc
(
q2yLy
2
)
M(q2x). (9)
The averaged SH intensity 〈I2〉 ∝
〈|E2|2〉 is:
〈I2〉 ∝ 1
L2x
sinc2
(
q2yLy
2
) 〈|M(q2x)|2〉 . (10)
This formula relates the stochastic properties of the second
Fig. 4 (color online) Illustrating the effect of randomness on the
strength of SHG in nonlinear photonic crystal with random pertur-
bation of the periodic structure. Shown is the map of the SH intensity
(normalized to I0, logarithmic scale) in a Fourier space as a func-
tion of the phase mismatch q2x and q2y. In all graphs the average
domain size is lm=1 µm while the dispersion of the domain size
varies from σ=0.05 µ m to σ=10 µm. The dashed and dotted white
curves represent all possible directions of the wave vectors of the
second harmonics for the fundamental wavelengths of λ=1.2 µm
and λ=1.73 µm, respectively. The inset depicts details of the map
in the vicinity of (q2x = 0, q2y = 0). Periodic oscillations of the
intensity reflect the Makers fringes of the forward emission.
order nonlinearity distribution to the spatial average intensity
distribution of the SH. The maximum SH intensity I2 is gen-
erated in case of perfect periodic structure and when SHG is
transversely phase matched with first RLV (ie. q2x = 2pi/Λ)
and longitudinally phase matched (ie. q2y = 0) for which
intensity 〈I2〉 is:〈
I2(qx = 2pi/Λ, qy = 0)
〉 ≡ I0. (11)
The most universal way to analyze SH intensity is to use
a two-dimensional map plotting the Eq. (10) as a function
of arbitrary phase mismatch components q2x and q2y . This
is demonstrated in Fig. 4 where we show SH intensity (nor-
malized to I0) calculated for a sample with nominal domain
width lm=1 µm and four different values of dispersion σ:
plots (a-d) correspond to the increasing degree of the random-
ness ranging from σ=0.05 µm (almost ideal periodic struc-
ture), σ=0.5 µm, σ=1 µm and σ=10 µm (strongly disordered
structure). In case of periodic structure [Fig. 4 (a)] there are
five characteristic lines/traces. These are: i) a vertical line at
q2y = 0 which represents the ˇCerenkov SH radiation [11,
44,45] (marked as Ce), ii) two symmetrically positioned hor-
izontal lines at q2x=±3.1 µm−1 corresponding to first or-
der Raman-Nath resonance [46,47] (marked as RN±1), iii)
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Fig. 5 (color online) SH intensity (normalized to I0) as a function
of emission angle α2 and wavelength of the fundamental beam λ for
various degree of disorder: (a) σ=0.05 µm, (b) σ=0.2 µm, (c) σ=1
µm and (d) σ=10 µm.
two symmetrically positioned horizontal lines at q2x=±9.4
µm−1 corresponding to the third order Raman-Nath reso-
nances (marked as RN±3). When the dispersion of the do-
main size increases [(Fig. 4 (b)] the Raman-Nath emission
lines shift towards the center and, at the same time, become
broader and weaker until they disappear for strongly disor-
dered structure (Fig. 4 (c-d)). On the other hand the ˇCerenkov
SH signal can either increase or decrease depending on the
value of q2x.
The dashed and dotted white curves in Fig. 4 represent
the position of the phase mismatch vector q2 calculated for
two arbitrary chosen wavelengths of the fundamental wave:
λ=1.2 µm (dashed line), and λ=1.73 µm (dotted line) using
reported refractive index of LiNbO3 crystal [48]. If we fix
fundamental beam wavelength (say, λ=1.2 µm) it is clear that
for almost periodic domain distribution the SH is efficiently
generated only in those q2 points where the white curve in-
tersects the lines corresponding to large value of the Fourier
spectrum of the nonlinearity modulation. Those characteris-
tic points result in a wavelength dependent spatial emission
pattern of SH.
Fig. 5 shows the SH intensity 〈I2〉 (normalized to I0) as
a function of fundamental wavelength and SH emission an-
gle α2. For a periodic structure [Fig. 5(a)] 〈I2〉 exhibits clear
peaks where the emission angles α2 are defined by partial or
full phase matching conditions. For ˇCerenkov SH emission,
where q2y = 0, the emission angle can be calculated as:
cos(αCe2 ) =
n1
n2
, (12)
and for m-th order Raman-Nath where q2x = m2pi/Λ, emis-
sion angle is:
sin(αRNm2 ) = m
λ
2Λn2
. (13)
Those wavelength dependent emission angles are plotted in
the Fig.5 (a) as a red solid line (marked as Ce) for αCe2 and
as red dashed lines (marked as RN1, RN3) for αRNm2 . As it
has been mentioned earlier, it is clearly seen that the emit-
ted Raman-Nath SH exhibits enhanced angular spreading for
strong domain dispersion while ˇCerenkov emissions is less
sensitive to disorder.
Fig. 6 (color online) SH intensity (normalized to I0) as a function
of the emission angle α2 for σ=0.05 µm (solid red lines) and σ=10
µm (dashed blue lines) for two wavelengths: (a) λ=1.73 µm (cross
section along dotted line in Figs. 5(a,d)) and (b) λ=1.2 µm (cross-
section along dashed line in Figs. 5(a,d)).
The horizontal dashed and dotted lines in Fig. 5 point to
two arbitrary chosen wavelengths of the fundamental beam
λ=1.2 µm (white dashed line) and λ=1.73 µm (white dot-
ted line). The corresponding angular SH intensity profiles are
depicted in Fig.6, where red solid lines presents profile for
σ=0.05µm and blue dashed line for σ=10 µm. The strong
modification of the emission pattern with high degree of ran-
domness is evident. However it affects SH in different ways
depending on the wavelength and the type of interaction. For
λ=1.73 µm [Fig.6(a)] we can see that increasing of σ sup-
presses intensity of the ˇCerenkov (Ce) signal. On the other
hand for λ=1.2 µm [Fig.6(b)] the ˇCerenkov emission signifi-
cantly increases while first and third order Raman-Nath peaks
(RN1 and RN3) practically vanish. For both wavelengths strong
dispersion produces zero order Raman-Nath (RN0) emission.
Fig. 7 shows ˇCerenkov (red solid lines), Raman-Nath first
(blue dashed lines) and third order (green dashed-dotted lines)
SH as a function of wavelength for two different dispersions
σ=0.05 µm [Fig 7(a)] and σ=10 µm [Fig. 7(b)]. One can no-
tice that ˇCerenkov radiation (Ce) is a subject to intensity mod-
ulation. The most efficient SH emission is expected where the
Raman-Nath and ˇCerenkov signals overlap (as it happens for
λ=1.73 µm and λ=0.96 µm) what constitutes the regime of
the so called nonlinear Bragg diffraction [49], i.e. SH emis-
6 K. Kalinowski et al.
Fig. 7 (color online) SH intensity (normalized to I0) of the
ˇCerenkov and Raman-Nath second harmonic signals as a function
of fundamental wavelength for different dispersions of the domain
size: (a) σ=0.05 µm and (b) σ=10 µm. Red solid line (Ce) repre-
sents ˇCerenkov intensity, blue dashed line (RN1) is the first order
Raman-Nath and the green dashed-dotted line (RN3) represents the
third order Raman-Nath.
sion under simultaneous fulfillment of the transverse and lon-
gitudinal phase matching. For strong disorder the peak inten-
sity deteriorates due to decrease in RN intensity. However, at
some wavelengths (as for λ=1.2 µm) the ˇCerenkov intensity
increases even by 102 times. This strong dependence of the
ˇCerenkov signal on the wavelength is a result of the interfer-
ence of many SH components emitted by each ferroelectric
domain [50]. When the initially periodic domain pattern be-
comes disordered the interference effect gets weaker and the
total ˇCerenkov signal is determined by the sum of the inten-
sities of contributing waves. In effect, the ˇCerenkov signal
which was strong for ceratin fundamental wavelength (due to
a constructive interference) is weakened while the one which
was initially weak (due to destructive interference) increases.
Fig. 8 (color online) SH intensity (normalized to I0) of the
ˇCerenkov (Ce), zero (RN0) and first (RN1) order Raman-Nath sig-
nals as a function of the domain dispersion σ, for λ=1.2 µm and
λ=1.73 µm (as depicted in brackets).
This is even clearer in the Fig. 8 where we plot the ˇCerenkov,
zero and first order Raman-Nath intensities as a function of
domain dispersion σ. We can see that with growing disorder
Raman-Nath RN1(λ=1.2 µm) and ˇCerenkov Ce (λ=1.73 µm)
signals decrease and tends to a constant value as the construc-
tive interference effects associated with periodicity of the do-
main distribution are no longer relevant for large σ. On the
other hand signal Ce(λ=1.2 µm) increases due to weaken-
ing of destructive interference effect. Zero order Raman-Nath
RN0 (λ=1.2 µm), initially not present for perfect structure ie.
σ → 0, continuously increases with σ as the high degree of
disorder provides small but nonzero Fourier coefficients for
q2x=0 which, in case of SH, contribute towards the forward
emission.
4 Third Harmonic Generation
It has been demonstrated recently that nonlinear photonic crys-
tals with random domain (or quadratic nonlinearity) distribu-
tion enable third harmonic generation via cascading of the
frequency doubling and sum frequency mixing [26,27,28,
30]. In particular, it is shown that the cascading process can
be completed via either ˇCerenkov or Raman-Nath type phase
matching [47,51,52].
In this section we provide the first analytical study of such
process by extending the approach discussed in the previous
two sections. We will consider the same setting of 1D sam-
ple of the random nonlinear photonic crystal Fig.1(a) being
illuminated by the fundamental beam. The nonlinear interac-
tion leads to simultaneous emission of the second and third
harmonics. To calculate the amplitude of the third harmonic
we use Eq. (3) where Ea = E2 is taken from Eq. (9) and
Eb = E1. In this case the amplitude of the electric field of
the third harmonic E3 is
E3(q2,q3) ∝ −
d2L2yE
3
1
L2x
sinc
(
q2yLy
2
)
sinc
(
q3yLy
2
)
×M(q2x)M(q3x),
(14)
where q2 and q3 = k3 − k2 − k1 represent the phase mis-
match of the SHG and the sum frequency mixing, respec-
tively. The phase matching diagram of the TH generation via
cascading process is illustrated in Fig. 2. This graph repre-
sents relevant processes in this multi-wave interaction. First
a photon of SH is generated in the frequency doubling pro-
cess with the phase mismatch wave vector of q2 and emitted
at the angle α2 as depicted by the triangle OAB. Then this
photon together with photon of the fundamental wave forms
a photon with the triple frequency of the fundamental with
the phase mismatch vector q3. The TH wave is emitted in the
direction determined by the angle α3 (angle between OF and
OA). In order to reveal key features of this cascaded process
we will first calculate the average intensity of the TH wave
〈I3〉 ∝
〈|E3|2〉 generated in such a single process:
〈I3〉 ∝ 1
L4x
sinc2
(
q2yLy
2
)
sinc2
(
q3yLy
2
)
× 〈|M(q2x)|2|M(q3x)|2〉 ,
(15)
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where:
〈|M(q2x)|2|M(q3x)|2〉 = 16q22xq32x
× (N2f(q2x)f(q3x) +NO1 +O2) ,
(16)
where O1, O2 are function of phase mismatch q2x, q3x and
characteristic functionϕ(q) and whereM(qx) was taken from
Eq. (5). When N ≫ 1 and |ϕ(q)| < 1 terms containing O1
and O2 can be neglected and above simplifies to:
〈I3〉 ∝
(
4N
L2x
)2
sinc2
(
q2yLy
2
)
sinc2
(
q3yLy
2
)
× f(q2x)f(q3x)
(q2x)
2(q3x)
2
= 〈ISF(q2)〉 〈ISF(q3)〉 .
(17)
The above equation shows that the intensity of the third har-
Fig. 9 (color online) TH intensity calculated according to Eq. (17)
(normalized to I0) as a function of the wavelength of the fundamen-
tal beam and emission angle for very weak (σ=0.05 µm - left col-
umn) and strong (σ=10 µm - right column) domain dispersion. Pairs
of graphs (a,b), (c-d) and (e-f) correspond to three distinct inter-
action mechanisms representing different type of the SH emission.
They include the cases of second harmonic emitted as a ˇCerenkov
(a,b), as well as first (c-d) and third (e-f) order Raman-Nath waves.
monic is a product of intensities resulting from the constituent
processes of SHG and the sum frequency mixing utilizing the
same Fourier space.
Since TH is generated in a cascaded process and its strength
depends on the strength of the SH generated in a first step,
it is natural to analyze how SH generated in different pro-
cesses like ˇCerenkov or Raman-Nath affects spatial TH emis-
sion. Fig. 9(a) shows TH intensity 〈I3〉 calculated according
to Eq. (17) (normalized again to I0 given by Eq. (11)) as
a function of the fundamental wavelength and TH emission
angle α3 resulting only from SH generated in a ˇCerenkov-
like process, i.e. fixed values of SH phase mismatch vector
to q2y = 0 and q2x = q2 sin(αCe2 ). One can clearly observe
a number of curves of enhanced TH intensity. Periodic struc-
ture exhibits strong resonances in Fourier space [see Fig.4(a)]
and since both processes, SHG and following SFM utilize the
same Fourier space it is expected to obtain high TH intensities
for processes resulting from either ˇCerenkov or Raman-Nath
resonances [47]. The emission angle α3 of TH generated in a
double ˇCerenkov process (ie when q3y = 0) can be calculated
as:
cos(αCe+Ce3 ) =
n1
n3
. (18)
AngleαCe+Ce3 as a function of wavelengthλ is plotted in Fig. 9(a)
as a dashed red line (marked as Ce) and it exactly overlaps
with one of the TH signals. Similarly the remaining traces can
be identified as interaction of Second Harmonic ˇCerenkov
with following Sum Frequency Mixing of p-th order Raman-
Nath (ie. q3x = p2pi/Λ) where the emission angle α3 is:
sin(α
Ce+RNp
3 ) =
2Λ
√
n22 − n21 + λp
3Λn3
(19)
For the sake of clarity we plotted only few traces (white dashed
lines): p = −1 , p = −3 and p = −5. The strong horizontal
line at λ=1.73 µm and the weaker one at λ=0.96 µm represent
the enhanced SH generation at these wavelengths due to SH
ˇCerenkov resonance with RN1 and RN3 as shown in Fig. 7.
When the domain structure becomes strongly disordered
[Fig.9(b)] all the previously observed Raman-Nath peaks dis-
appear. However, as in the case of SH also now the ˇCerenkov
emission (red dashed line) remains relatively strong and ad-
ditionally the zero order Raman-Nath p = 0 is present (white
dotted line).
Analogously Figs. 9(c,d) show average intensity of the
third harmonic 〈I3〉 but this time SH is generated as a first
order Raman-Nath (m = 1) and Figs. 9(e-f) third order (m =
3) Raman-Nath. The formulas for emission angles in those
processes are:
cos(αRNm+Ce3 ) =
n1 ± n2
√
4−m2 λ2
Λ2n2
2
3n3
(20)
for TH generated as a ˇCerenkov (red dashed line) or
cos(α
RNm+RNp
3 ) =
λ(m+ p)
3Λn3
(21)
when TH is generated as the p-th order Raman-Nath (indi-
cated by white dotted line).
In experimental reality there is no possibility to limit THG
to only selected processes so, in general, the total intensity of
the third harmonic I3 would be a sum of TH generated from
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Fig. 10 (color online) Comparison of TH generation via coherent
process according to Eq. (22) (gray lines) and incoherent Eq. (24)
(red lines) for a) small dispersion σ=0.05 µm and b) large disper-
sion σ=10 µm. The solid blue line represents coherent contributions
to the overall THG averaged over an ensemble of 120 randomly gen-
erated realizations of domain pattern [Eq. (23)]. Incident wavelength
λ=1.73 µm. Intensity normalized to I0.
all possible emitted second harmonics. As described previ-
ously TH can be generated in a process OBCF as schemati-
cally shown in Fig.2. However, the TH with exactly the same
wave vector k3 can be also generated in an another process
as, for example, the one indicated by ODEF in the same fig-
ure. In order to calculate total TH emitted in a particular di-
rection α3 an integral over all possible SH emission angles
α2 has to be calculated Icoh3 ∝ |
∫
E3 dα2|2 ie:
Icoh3 ∝
1
L4x
∣∣∣
∫ pi
−pi
sinc
(
q2yLy
2
)
sinc
(
q3yLy
2
)
×M(q2)M(q3) dα2
∣∣∣2
(22)
and in case of presence of randomness its averaged version is
given as
〈
Icoh3
〉 ∝ 1
L4x
〈∣∣∣
∫ pi
−pi
sinc
(
q2yLy
2
)
sinc
(
q3yLy
2
)
×M(q2)M(q3) dα2
∣∣∣2〉,
(23)
where averaging again is performed over all realizations of
domains widths. Both integrals Eq. (22) and Eq. (23) cannot
be simplified and can be evaluated only numerically. How-
ever our previous experiments on third harmonic generation
in nonlinear crystals with 2D fully random domain structure
indicate that the emission process is in fact incoherent, i.e.
the intensity of the TH is given as a superposition of intensi-
ties generated by all constituent second harmonic waves [27,
28]. Therefore for large dispersion of domain sizes it is jus-
tified to calculate TH signal assuming incoherent emission〈
I inc3
〉 ∝ ∫ 〈I3〉 dα2 ie:
〈
I inc3
〉 ∝
∫ pi
−pi
〈I3〉 dα2 =
∫ pi
−pi
〈ISF(q2)〉 〈ISF(q3)〉 dα3
(24)
where we use 〈I3〉 from Eq. (17).
Fig. 11 (color online) TH intensity (normalized to I0) as a function
of the fundamental wavelength and emission angle in the regime of
almost periodic (σ=0.05 µm) and disordered (σ=10 µm) nonlinear
photonic crystal. Plots in the left column are obtained assuming in-
coherent contribution to the total TH intensity according to Eq. (24).
Plots shown in the right column are obtained by assuming coherent
model Eq. (23), and by averaging the calculated TH intensity pattern
over 45 different realizations of the domain (nonlinearity) distribu-
tion.
In Fig.10 we show angular intensity profile of the third
harmonic in case of two domain dispersions: σ=0.05 µm (a)
and σ=10 µm (b) for fundamental wavelength λ=1.73 µm.
The grey noisy line represents the TH intensity based on co-
herent superposition of contributing second harmonic waves,
calculated for a single particular realization of domain distri-
bution [Eq. (22)]. The solid blue line depicts coherently cal-
culated intensity (same as grey line) but averaged over 120
realizations of randomly generated structures [Eq. (23)]. Fi-
nally, the dashed red line shows the intensity profile obtained
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by assuming an incoherent interaction according to Eq. (24).
Both models clearly coincide confirming the incoherent char-
acter of third harmonic generation in that case. The labels
next to the emission peaks in Fig.10 identify processes re-
sponsible for particular emission angle. The labeling conven-
tion used here and in Fig. 11 is such that the first symbol
refers to the second harmonic process while the second to the
sum frequency mixing.
Fundamental wave λ=1.73µm is special case when Raman-
Nath peaks overlap with ˇCerenkov. In order to ensure that the
process is incoherent for broader spectrum we calculated the
angular TH intensity distribution for wavelength range 0.9-
2.1 µm. The results are shown in Fig. 11 which depicts the
angular TH intensity distribution (normalized to I0) for few
values of the dispersions of the domain width, σ=0.05 µm,
σ=0.2 µm, σ=1 µm and σ=10 µm. Maps in the left column
are obtained assuming incoherent contributions to the total
intensity [Eq. (24)]. On the other hand, maps in the right
column represent coherent superposition of constituent har-
monic waves (Eq. (23) averaged over 45 random samples).
It is clear that both models lead to the same emission maps.
While of course the actual intensity of the emitted TH signal
in incoherent and coherent models will differ, in particular for
small dispersion case, the angular dependence of the emitted
TH will be the same. Again we clearly see that the out of
many discrete TH emission channels clearly visible in ideal
periodic structure only the strongest, namely those involving
ˇCerenkov and forward emission are preserved in highly disor-
dered regime. The increase of the forward emission of TH is
a direct consequence of the disorder-enhanced forward emis-
sion of the second harmonic as seen in Fig.5(d) and Fig.6.
5 Conclusions
In conclusions, we investigated theoretically the second and
third harmonic generation in 1D nonlinear photonic crystals
with random distribution of nonlinearity. We derived analyt-
ical formulas describing emission properties of the second
and third harmonics in the presence of domain disorder. We
showed that in the limit of large number of domains, the THG
process is described by product of simple expressions de-
scribing each of the constituent processes, i.e. SHG and sum
frequency mixing. We considered various processes involved
in the frequency mixing and analyzed their properties as a
function of wavelength and degree of disorder. We show that
the randomness-induced incoherence in the wave interaction
leads to deterioration and angular spreading of harmonic gen-
erated in the processes relying on transverse phase matching
such as Raman-Nath. On the other hand the ˇCerenkov fre-
quency generation is basically insensitive to the domain ran-
domness.
This work was supported by the Australian Research Coun-
cil.
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